Injection and acceleration of the background plasma electrons in laser wakefield accelerators (LWFA) operated in the blowout ('bubble') regime are analysed. Using a model of a slowly expanding spherical plasma bubble propagating with an ultra-relativistic speed, we derive a sufficient condition for the electron injection: the change in the electron's Hamiltonian in the co-moving with the bubble reference frame must exceed its rest mass energy m e c 2 . We demonstrate the existence of the minimal expansion rate of the bubble needed for electron injection. We demonstrate that if the bubble's expansion is followed by its stabilization or contraction, then a quasi-monoenergetic electron beam can be produced owing to the phase space rotation of the beam inside the bubble. Using particle-in-cell simulations, we verify that the temporal expansion of the bubble is indeed the dominant effect responsible for electron self-injection and trapping in the rarefied plasmas relevant to LWFA with petawatt-class lasers.
Introduction
An important development in the field of plasma-based laser wakefield accelerators (LWFA) occurred several years ago when the first quasi-monoenergetic electrons in the 100 MeV range were produced [1] [2] [3] . Soon afterwards, generation of gigaelectronvolt-scale quasimonoenergetic electron beams from centimetre-long plasmas was demonstrated [4] [5] [6] [7] [8] . All of these experiments was carried out in the blowout (or 'bubble') regime [9] [10] [11] [12] . In this regime, ambient plasma electrons are first expelled radially by the transverse ponderomotive force of the laser pulse, and then attracted back to the axis by the electric field of charge separation (ions remain immobile due to their heavy mass). The result is the formation of a plasma bubble (cavity-like region depleted of electrons) trailing the laser driver and capable of efficiently trapping and accelerating electrons from the ambient plasma.
The structure of the electromagnetic fields inside the bubble has been extensively investigated in the past, and several simplified models [11, 13, 14] have been successfully developed. Because the bubble itself is self-consistently supported by the quasi-static flow of the ambient plasma, the crucial question is how some of the plasma electrons end up injected and trapped in the bubble. In fact, both the total charge and the quality of the resulting electron beam depend critically on the details of the self-injection process, which is the focus of this paper. Earlier work on bubble acceleration focused on electron injection by a nonevolving bubble [13, 14] propagating through relatively dense plasmas. We have recently demonstrated [15] that temporal expansion of the bubble drastically changes the injection process and enables electron trapping from a tenuous plasma. Here we extend the fundamental findings of [15] to include several physical effects pertaining to the generation of high-quality ultra-relativistic electron beams in the bubble regime.
Specifically, we differentiate between the two distinct classes of accelerated particles capable of reaching the peak energy γ max mc 2 (defined in equation (6)) determined by their dephasing from the accelerating field of the bubble. For the plasma bubble that stops evolving shortly after the entry of electrons from the ambient plasma, those two classes are (i) the trapped electrons that remain inside the bubble indefinitely and (ii) the injected particles that can, in principle, leave the bubble after a very long time with a much smaller energy gain. In practice, electron acceleration can be terminated by the finite length of the plasma, depletion of the laser pulse and other factors; thus, both classes of particles are of interest from the standpoint of the plasma-based acceleration. Our earlier work [15] introduced a sufficient condition for electron trapping in rarefied plasmas: the change in the electron's Hamiltonian in the co-moving with the bubble reference frame must exceed its rest mass energy, i.e. H < −m e c 2 . We show that for very tenuous plasmas this condition must be satisfied for electron injection as well. For denser plasmas, the injection criterion can be relaxed, and plasma electrons can be accelerated to the peak energy γ max mc 2 even when H > −m e c 2 . We show that the exact value of H required for particle injection depends on the precise details of the accelerating field at the tail end of the bubble, in addition to the ambient plasma density.
Trapping electrons into an expanding plasma bubble requires that the expansion rate exceeds a certain threshold value [15] . We show that the threshold expansion rate also depends on the precise details of the accelerating field at the tail end of the bubble. We also demonstrate that, for a dynamically evolving plasma bubble whose expansion is followed by stable propagation, monoenergetic electron beams can be generated. We explain this effect using the concept of phase space rotation. Specifically, it is shown that the electrons injected into the bubble during the final stage of expansion can 'catch up' in energy with electrons injected earlier. The result is reduced energy spread of the beam. The phenomena of injection and acceleration of electron beams by the plasma bubble are investigated both analytically and by the means of particle-in-cell (PIC) simulations.
The rest of the paper is organized as follows. In section 2 we review the simplified description of the plasma bubble described [13, 14] modelled as a spherical cavity of radius R devoid of plasma electrons propagating with a relativistic velocity v 0 ≈ c(1 − 1/2γ 2 0 ) (where γ 0 is the relativistic Lorentz factor) through the ion background. This model is used to gain a qualitative understanding of the self-injection mechanism. By allowing the bubble to expand as it propagates through the plasma, it is shown that the stringent injection criteria introduced in [13, 14] can be circumvented. Specifically, the injection criterion γ 0 < k p R (where
1/2 is electron plasma frequency, n 0 is the background electron density, m e is the electron rest mass, e is the electron charge and c is the speed of light in vacuum) no longer needs to be satisfied.
Instead, the new criteria for trapping are derived in section 2.2: the minimal bubble expansion rate and the minimum change of the electron's moving frame Hamiltonian (MF-Hamiltonian) calculated in the Galilean reference frame of the bubble. By following the trajectories of initially quiescent electrons we find that, for relatively slow bubbles with γ 0 ∼ k p R, the MF-Hamiltonian of self-injected electrons is reduced from its initial value
For relativistic bubble speeds corresponding to γ 0 k p R, the MFHamiltonian of self-injected electrons approaches zero or even becomes negative. The majority of the plasma electrons are not injected into the bubble, and their MF-Hamiltonian remains approximately equal to H stat during their interaction with the bubble. The self-injected electrons for which the MF-Hamiltonian becomes negative remain confined in the bubble at all times and are defined as trapped electrons. Using test-particle simulations, we calculate the minimal bubble expansion rate required for electron trapping into the model bubble as a function of the bubble's Lorentz factor γ 0 . The distinction between strictly trapped and merely injected (and accelerated to the energy γ max m e c 2 ) is also introduced, and it is shown that injection can occur even when the MF-Hamiltonian remains positive. It is shown in section 2.3 that, for a model bubble, H = −m e c 2 is a highly accurate condition for both injection and trapping when γ 0 k p R. For slower bubbles, a much smaller change in the MF-Hamiltonian is needed for injection. The formation of monoenergetic electron beams due to phase space rotation of the electrons injected into the bubble at different times is discussed in section 2.4.
In section 3 we verify the qualitative features of the above model for electron selfinjection and trapping using the quasi-static PIC code WAKE [16] . WAKE accurately models the evolution of the bubble driven by the evolving laser pulse as well as the complex electromagnetic field structure inside the bubble. Although WAKE is a quasi-static code, it is used for modelling electron injection by tracking test electrons, which are evolved according to the full relativistic equations of motion. Results of such modelling are excellent testbeds for more complicated and computationally intensive 3D PIC codes [15] . Using this toolkit, we demonstrate that temporal expansion of the bubble (normally caused by diffraction of the laser driver) is the dominant mechanism of electron self-injection and trapping in rarefied plasmas. Such plasmas (i.e. n 0 ∼ 10 17 cm −3 ) are relevant to LWFA with petawatt-class lasers. We further show that a combination of bubble expansion and stabilization results in quasi-monoenergetic electron beams, due to the termination of the otherwise continuous self-injection process and phase space rotation. Results are summarized in section 4.
Electron trapping and acceleration by a simplified plasma bubble

Description of the simplified plasma bubble
To evaluate the importance of bubble evolution for electron self-injection and trapping, we begin our analysis with a simplified model of the plasma bubble. The bubble is described as a sphere of radius R [13, 14] devoid of electrons that travels through the plasma with a relativistic velocity v = v 0 e x . More sophisticated models of the bubble have been derived [11] , but will not be considered here. A modification to the spherical bubble model with a localized maximum in density near the tail of the bubble has been shown to affect self-injection dynamics [13] , and will be considered in section 2.3.
Because the bubble trails the laser pulse, its group velocity is assumed to be close to that of the laser pulse, i.e., 
For a non-evolving bubble, the electromagnetic potential of the bubble depends on time only through the co-moving with the bubble variable ξ . The potential of a slowly evolving bubble will have a weak explicit dependence on t. Therefore, it is convenient to introduce the normalized MF-Hamiltonian of plasma electrons [16, 17] given by
where P is the canonical momentum of an electron, and the explicit dependence of H on t is assumed to be very weak: |∂H /∂t|R/c 1. For a static bubble (∂H /∂t = 0) the Hamiltonian of every plasma electron remains constant as it is overtaken by the bubble, i.e. H = H stat where H stat = 1 for initially quiescent plasma electrons.
Moreover, the standard time-dependent Hamilton's equations in the co-moving with the bubble reference frame, given by dP /dt = −∂H/∂ρ and dρ/dt = ∂H/∂P , can be recast in the form that treats ξ as the time variable:
where, by the definition of ξ , dξ/dt = v x − v 0 . Noting that dξ/dt = ∂H /∂P x and using the fact that H does not explicitly depend on t, equations (3) can be further recast as
where ρ ⊥ = (y, z) and P ⊥ = (P y , P z ). In equation (4), P x is expressed in terms of ρ ⊥ , P ⊥ , ξ and H . By solving equation (4), we have verified that no electron injection into the static bubble takes place unless the stringent condition on the bubble's radius k p R > γ 0 [13] is met.
As was shown earlier [15] , the situation changes dramatically when the bubble expands as it propagates through the plasma. In order to understand electron injection into an evolving bubble, we assume the simplest possible model of the bubble's evolution in which the only time-varying parameter of the bubble is its radius, which varies according to R = R(t). Hence, the MF-Hamiltonian of a test electron given by equation (2) depends explicitly on time through the dependence of the potential on R(t). Then, the simplified set of Hamilton's equation given by equation (4) is no longer valid, and the full set of t-dependent Hamilton's equations must be numerically integrated in order to quantify the self-injection and trapping conditions for initially quiescent electrons. Throughout the rest of the paper, plasma electrons ahead of the incident plasma bubble are assumed to be quiescent, with H in = H (ξ = +∞) = 1.
Electron trapping by an expanding bubble
In this section the bubble is assumed to grow linearly in time specifically according to R(t) = R in (1 + t), where R in is the initial radius and 1 is the growth rate. At some instant in time t stop the expansion is assumed to stop, and the radius is kept constant at the final value of R fin = R(t stop ). The simulations are done in the Galilean frame co-moving with the bubble. In this frame, test electrons are launched far away from the bubble (ξ ini 1) in the ξ -y plane with the relative velocity v = −v 0 e x and different impact parameters y 0 . The typical simulation geometry is presented in figure 1(a) . Because the potential is changing in time, the MF-Hamiltonian is not conserved during the course of the interaction, evolving according to dH/dt = ∂H /∂t. As the potentials vanish at a large distance, the MF-Hamiltonian of a non-trapped particle must be positive far away from the bubble because
Thus, all electrons with negative H fin = H (t stop ) must be confined inside the bubble at all times, and H fin < 0 is a sufficient trapping condition. If the bubble expands rapidly enough, the MF-Hamiltonian of some electrons changes by
and these particles become trapped in the bubble. It can be shown that the integral in the right-hand side of equation (5) is negative. Therefore, the bubble must expand ( > 0) for trapping to occur. Eventually, the trapped particles reach the centre of the bubble and gain the peak energy γ max calculated [13] as
Initial parameters of the bubble provide enough information to estimate the minimal expansion rate sufficient for particle trapping, and to find the range of impact parameters from which the electrons can become trapped. This is achieved by relating the change in MF-Hamiltonian sufficient for trapping (|δH | ∼ 1) to the expected expansion rate . Using equation (5), we carry out integration along the electron trajectories in the field of a nonevolving bubble with R = R in , and arrive at the threshold expansion rate
where
Another indicator of possible trapping is the interaction time between the electrons and the non-evolving bubble (slippage time), T slip ≡ dξ/(v 0 −v x ). Electrons with the largest slippage time are likely to get trapped in the expanding bubble. The predictive capability of these tools is examined in the simulations of figures 1 and 2. Note that trapping of initially quiescent electrons by a relativistically moving bubble is quite different from the classic problem of trapping by an immobile potential well [18] . In the latter case, trapping occurs even when the potential changes adiabatically slowly while in the former case the bubble should change its size an appreciable fraction during the passage of electrons through it. To emphasize the importance of bubble expansion for trapping, we consider an ultrarelativistic bubble (γ 0 = 100) of a moderate initial size, R in = 4.2 γ 0 (with a transition layer d = 0.15). Figure 1 (a) displays several electron trajectories with different impact parameters in the field of the non-evolving bubble. Self-injection is not observed for any value of the impact parameter y 0 . The most deflected electron trajectory plotted with a thick solid line in figure 1(a) experiences an energy gain of γ fin = 26 γ max . The quantity |δH / | and the slippage time evaluated for the non-evolving bubble are plotted in figure 1(b) . The expansion rate sufficient for trapping given by equation (7) is tr ≈ 0.018. Electrons are likely to be trapped from a narrow range of impact parameters around y 0 = 4.36, which corresponds to the trajectory of the most deflected electron in the non-expanding bubble. The slippage time T slip is also shown in figure 1(b) , indicating that the electrons with large |δH | are the ones that interact with the bubble the longest.
The physical meaning of the trapping condition thus becomes more intuitive: the bubble must be expanding rapidly enough to change its size by an appreciable fraction ( tr T slip ≈ 18% in this example) during the slippage time T slip of an electron through the bubble. For a minority of initially quiescent plasma electrons, |δH / | 1, and this small number of electrons are candidates for trapping in a slowly expanding bubble. For the majority of electrons, |δH / | ∼ 1. Therefore, massive electron trapping by a slowly expanding ( 1) bubble is not expected. Figure 2 summarizes the results of electron self-injection and acceleration in the field of an expanding bubble. Initial parameters for the bubble are the same as in figure 1 . The bubble expands by 25% to R fin = 1.25R in , after which the expansion stops. The expansion rate is chosen to be = 0.01, which is somewhat lower than the predicted tr . Even this modest bubble expansion results in electron self-injection from a very narrow range of impact parameters (y 0 ≈ 4.6683 ± 0.0035).
Trapped, injected and passing electrons
Further analysis of test electron trajectories shows that the electrons interacting with the bubble can be divided into three distinct groups. The largest one consists of the passing electrons with positive final MF-Hamiltonians. One representative passing orbit (with H fin = 0.02) is plotted in figure 2(a) with a dashed-dotted line. The corresponding time evolution of the MF-Hamiltonian is presented in figure 2(c) . A passing electron gains an energy γ fin = 26 < γ 0 during its slippage time, and is then deflected out of the bubble. Another group consists of the trapped electrons with negative final MF-Hamiltonians. The trajectory corresponding to the lowest final MF-Hamiltonian, H fin = −0.136, is plotted in figure 2(a) with a solid line. This electron remains inside the bucket at all times, and its energy oscillates as indicated in figure 2(d) . The third group consists of the electrons injected into the bubble, but not trapped for an indefinite time. For the injected particles, H fin > 0. Injected electrons can stay in the bubble long enough to get accelerated to the same peak energy as the trapped particles. One such orbit (with H fin = 0.01) is shown in figure 2(b) . The electron accelerates to a high peak energy, crosses the bubble centre, decelerates and eventually exits near the front end with γ fin = 120, which is slightly above γ 0 (see figure 2(d) ).
For the rest of this paper, we will refer to these three groups as passing (H fin > 0, accelerated only up to γ fin < γ 0 ), trapped (H fin < 0, accelerated up to γ max ) and injected (H fin > 0, not strictly trapped, accelerated up to γ max )) electrons. Self-injected refers to either trapped or injected electrons, i.e. electrons which enter the bubble and eventually cross the centre of the bubble, so that they are accelerated to the maximum energy γ max ∼ γ 2 0 R 2 /2. Of these three groups, passing electrons gain the least energy as a result of interaction with the bubble. In the example orbit shown in figure 2(a) (dashed-dotted line), the final energy is ∼13 MeV. The peak energy γ max attained by the other two groups, trapped and injected electrons, is much higher than that for passing electrons, as shown in figure 2(d) . The peak energy is achieved when the electron crosses the centre plane ξ = 0. The time t deph required for the electron to cross the distance from the turning point near the rim (ξ ≈ −5) to the centre of the bubble and get accelerated to the peak energy is the dephasing time important for applications. Experimentally, the plasma length is chosen close to or below the dephasing length to ensure the optimal energy gain. In the case shown in figure 2 , L ≈ ct deph ≈ 170 cm, and the peak energy for both trapped and injected electrons is ∼70 GeV.
It is important to note that for weakly relativistic bubbles the injected electrons with positive H may stay in the bubble and gain the same energy as the trapped electrons. Such electrons exist even for a non-evolving bubble, when energy conservation prohibits trapping from the quiescent background, and H = 1 for all the test electrons. Self-injection in this case requires γ 0 R/ √ 2 [14] . Conversely, in the opposite limit of γ 0 R in , any injected electron must be on the verge of trapping ( H ≈ −1). For instance, in the example shown in figure 2, all electrons with H > −0.99 are passing. Thus, in the limit of large γ 0 , H −1 becomes a necessary and sufficient condition for high energy acceleration with a high degree of accuracy, within the constraints of the simplified model of a spherical bubble.
Below we explore the transition between these two limiting cases of the moderately relativistic and highly relativistic plasma bubbles. The former are excited in denser plasmas than the latter. We find that for the moderately relativistic bubbles (γ 0 R 0 / √ 2) injected electrons may constitute a considerable fraction of the accelerated electron beam. We shall establish numerically the threshold condition for self-injection when strict trapping (i.e. H < 0) cannot be achieved. Keeping the normalized initial radius the same, R in = 4.2, and expanding the bubble by 25% (R fin = 1.25R in ), we scan the Lorentz factor γ 0 . For each value of γ 0 , we find the minimal expansion rate min such that at least one test electron becomes trapped. For this trajectory we perturb the impact parameter y 0 until we find the electron with the least change in MF-Hamiltonian | H | such that it stays in the bubble after the dephasing time, i.e. ρ(t deph ) < R fin (note that this electron is injected, but not trapped). The change in MFHamiltonian of this electron H SI is the threshold for self-injection. Threshold curves min (γ 0 ) and H SI (γ 0 ) are displayed in figure 3 (solid black lines) .
We see that at γ 0 R/ √ 2 self-injection does not require bubble evolution ( min = 0) so that H SI = 0, in agreement with the predictions of [13, 14] . For larger γ 0 bubble expansion becomes necessary, and it causes a reduction in the MF-Hamiltonian. Finally, in the limit of very large γ 0 , the bubble must grow most rapidly ( min → 0.0095), and the required change in the MF-Hamiltonian tends to the trapping threshold, H SI → −1. In this limit a slight increase in the expansion rate (e.g. to min = 0.01, as in figure 2) will result in electron trapping.
When a more realistic structure of the bubble potential [13] is taken into account, the curves in figure 3 are shifted to the right; the amount of this shift depends strongly on the exact details of the potential structure. In figure 3 , we show with red/grey circles the threshold curves taking into account the modification to the potential structure explored in [13] . In that reference, the authors modified the wave breaking region near the tail of the bubble by adding a Gaussian potential of the form
. Here, we have taken 0 = 1.0, ξ 0 = −(R + d) and r p = d; this choice in ξ 0 reflects the fact that the 'bump' in potential is near the tail of the bubble. The effect of this shift is that electrons with a higher value of the MF-Hamiltonian may be injected into the bubble and accelerated, and that trapping occurs for bubbles expanding at a slower rate. As mentioned in the beginning of this section, the Lorentz factor of the bubble can be associated with the group velocity of the driving laser pulse, and hence with the plasma density, through γ 0 = √ n c /n 0 , where n c = ω 2 0 m e /(4πe 2 ) is the critical density. The limit of γ 0 < R/ √ 2 ≈ 3 in figure 3 corresponds to high plasma density; for the laser wavelength 1.05 µm self-injection in the non-evolving bubble takes place for R < 2.1 µm and n 0 > 1.15 × 10 20 cm −3 . This requires the laser to be focused almost to the diffraction limit, which is unfavourable for LWFA. The limit of large γ 0 , where the self-injection threshold tends to the trapping threshold H = −1, corresponds to very rarefied plasmas; γ 0 > 100 implies n 0 < 10 17 cm −3 and R > 70 µm. These regimes are favourable for LWFA with petawatt lasers.
Phase space rotation and generation of monoenergetic electron beams
We have just established that for γ 0 > R/ √ 2, electron self-injection is possible only into an expanding bubble. Hence, stabilization of the bubble size clamps the self-injection process. Therefore, a bubble that undergoes a brief period of growth followed by a period of stability contains a short continuous self-injected electron bunch, which approximately spans the interval −R fin < ξ < −R in . The latter is shown with red/grey markers in figure 4(a) for the parameters of figure 2, except that the bubble was allowed to grow by 50% (only electrons with energy above 50 MeV are shown). During and immediately after the period of expansion, the self-injected electrons are characterized by a 100% momentum and energy spread (shown in black figures 4(c) and (d) at t = 55). Electrons at the head of the bunch are self-injected earlier and thus have a higher momentum than those that are self-injected later. However, since the accelerating force on axis scales linearly with ξ inside the bubble, F x ≡ −∂ /∂ξ ∼ −ξ/2 (see figure 4(b) ), electrons self-injected later into a larger-sized bubble are accelerated the strongest. As soon as the bubble stops growing, this non-uniformity of the accelerating gradient starts rotating the bunch phase space; the bunch tail gains energy relative to the bunch head. The result is the formation of a monoenergetic electron beam, as shown in red in figures 4(c) and (d) at time t = 175.
Non-stationary Hamiltonian analysis sheds further light on the phase space rotation of accelerated electrons as they advance deeper into the expanding bubble. The MFHamiltonian (2) of a self-injected electron can be written H ≈ γ (1 − v 0 ) + , where v 0 ≈ 1 and p x ≈ γ . The energy of an electron on axis (y, z = 0) inside the bubble at position ξ is
where we have used the approximation 1
. If the bubble is not evolving, then H = 1 for all electrons, so that for two self-injected electrons at ξ 1 < ξ 2 < 0, it follows from (8) that γ (ξ 1 ) < γ (ξ 2 ) since is monotonically decreasing inside the bubble when ξ < 0. Thus, if beam loading can be neglected, the phase space of an accelerated electron bunch inside a non-evolving bubble cannot flatten before the dephasing time t deph . However, if the bubble expands during the time interval 0 < t < t stop , then for t > t stop the MF-Hamiltonian of each electron is H (t = t stop ). In this case, H (ξ 1 ) > H(ξ 2 ) for two electrons at ξ 1 < ξ 2 < 0, since the earlier self-injected electron 2 experiences more bubble expansion than electron 1. Hence, it can happen that γ (ξ 1 ) = γ (ξ 2 ) at some time t < t deph , representing the generation of a monoenergetic electron bunch.
Self-consistent modelling of the trapping process
In this section, the concepts introduced in section 2 are examined quantitatively in a realistic numerical experiment. The key change in the model is a fully self-consistent description of laser-plasma interaction based on quasi-static PIC simulation and inclusion of the effects of the laser field on the test electrons. We simulate the laser and bubble evolution in a 3D cylindrical geometry using the PIC code WAKE [16] . The code describes the laser propagation in an extended paraxial approximation (group velocity dispersion of radiation in plasma is included), which is adequate for beams focused well above the diffraction limit. Plasma macroparticles are treated using the quasi-static approximation, and the laser acts on them through the timeaveraged ponderomotive force. The quasi-static approximation implies conservation of the MF-Hamiltonian (2), hence macroparticles cannot be self-injected. We model self-injection using a non-quasi-static, relativistic, fully 3D test-particle tracking module incorporated in WAKE (beam loading [19] is neglected). Quiescent test electrons are placed before the pulse and then interact with the laser ponderomotive force and slowly varying bubble potentials. The effect of the laser field on the test electrons can be described either without time averaging or by using the time-averaged ponderomotive potential. The latter approach is used in this section, which is adequate for a multi-cycle laser pulse; however, we have observed that the former approach gives nearly identical results. These approximations make the described numerical toolkit extremely fast and essentially noiseless. It is practically useful for quick parameter scans and optimization of the self-injection process.
Laser and plasma parameters of the following simulation roughly correspond to those of the Texas Petawatt laser [20] in the low-density plasma regime where the best quality gigaelectronvolt electron beams are expected. In this simulation, a 200 J, τ L = 150 fs laser pulse is focused to a spot size of w 0 = 27 µm in a plasma of density n e = 10 17 cm −3 (hence, k p w 0 = 1.6, and ω p τ L = 2.7). The laser power is 1.3 PW, and the peak normalized vector potential a 0 = |e|A/(m e c 2 ) = 9.62. The Lorentz factor associated with the pulse group velocity is γ 0 = 100. Figure 5 demonstrates self-injection into a growing bubble. The laser defocuses over the first ∼3.2 mm of propagation. Its intensity decreases as shown in figure 5(a) (black line), and the spot size increases (as is clear from comparison of figures 5(b) and (c)). Laser diffraction leads to bubble expansion. In the absence of spherical symmetry, we define the bubble length as the distance from the first potential maximum to the first minimum on axis, and plot this quantity as a function of propagation distance in figure 5(a) (red/grey line). As the laser diffracts, the bubble length grows from L in = 63.8 µm to L fin = 72.2 µm. Test electrons are continuously self-injected during this period. Self-injection stops as soon as the laser becomes self-guided, so that the bubble expansion terminates. This is shown in figure 6(b) by tracking the initial positions of test electrons. Self-injected electrons are shown in the middle of the selfinjection process (x = 2.0 mm) in figure 5(b) and after the bubble stabilization (x = 5.0 mm) in figure 5(c) .
An additional simulation was performed with the same initial conditions and plasma parameters, in which the laser pulse evolution was artificially turned off, so that the 'frozen' laser and bubble travelled through the plasma at the group velocity. We found no evidence of self-injection into this static bubble, demonstrating the critical importance of bubble evolution in facilitating injection at low plasma densities. 
Hamiltonian diagnostics of electron self-injection and trapping
We now verify the trapping condition from the Hamiltonian formalism in equation (5) using PIC simulation results from WAKE. Figure 6 (a) shows a close-up of the region around the base of the bubble from figure 5(c) with the test electrons colour coded according to the value of the MF-Hamiltonian. Black markers show particles with H < 0, green/light grey correspond to 0 < H < 1 and red/grey to H > 1. Note that all the test electrons begin with the initial value of the MF-Hamiltonian H in = 1.
Applying the classification for electrons introduced in section 2.3, about half of the electrons inside the bubble (in black) have negative MF-Hamiltonian and are thus trapped. Figure 6 (b) shows that these are trapped during the early stage of laser propagation (x < 2.6 mm). The other half of electrons inside and near the bottom of the bubble are injected (in green/light grey, see figures 6(a) and (c)). Figure 6 (b) shows that they were injected immediately before the bubble stabilization. Red/grey electrons with H > 1 are all passing. Both groups inside the bubble are accelerated. Thus this simulation shows that, in contrast to the simplified spherically symmetric bubble in section 2, reduction of the MF-Hamiltonian (H < 1) is a necessary condition for self-injection when a realistic bubble potential and the laser ponderomotive potential are taken into account. Moreover, H < 0 remains the strongest condition sufficient for electron acceleration.
In figure 6 , the earlier self-injected electrons (black) have a significantly smaller MFHamiltonian because they experience the full cycle of bubble expansion. Therefore, their final energy is reduced by the factor −2H γ 2 0 . On the other hand, the later self-injected electrons (green) have a larger MF-Hamiltonian. Therefore, they will have a higher energy at the same relative position inside the bubble. We explain this effect in further detail in the next subsection.
Generation of a monoenergetic bunch due to phase space rotation
The phase space rotation effect reduces the large momentum spread generated during the self-injection process in the same way as described in section 2.4. As the bubble expands, self-injection goes on without interruption. Consequently, electron momentum and energy spectra are continuous (shown in black in figures 7(b) and (c)). Electrons self-injected earlier have the highest momentum and energy. As the expansion stops, and the self-injection clamps, the electron bunch is exposed to a longitudinally non-uniform accelerating gradient, shown in figure 7(a) . Variation of the gradient along the bunch can be seen from comparison of figures 7(a) and (b) (red/grey markers). Electrons in the tail of the bunch are exposed to a higher accelerating force. Consequently, approximately 2 mm after the bubble stabilization (x = 5 mm), the tail and the head of the bunch gain the same energy ( figure 7(b) , red/grey markers). Thus, a quasi-monoenergetic bunch is formed ( figure 7(c) , red/grey curve).
Further phase space rotation at larger propagation distances results in a degradation of the energy spectrum, because electrons at the tail of the bunch out-speed those at the head. Thus, the length of the plasma must be properly chosen to optimize the energy spread. Furthermore, in a fully self-consistent 3D PIC simulation (not shown here), self-fields of the trapped electron bunch change the bubble field structure in such a way as to reduce the inhomogeneity of the accelerating gradient along the bunch [19] . This effect can slow down the phase space rotation tremendously, and even change its sign. However, for the parameters of the present numerical experiment, this beam loading effect is small.
Conclusion
We have demonstrated that expansion of the bubble causes self-injection and acceleration of electrons from ambient plasma. A sufficient condition for trapping in terms of Hamiltonian variation and minimal expansion rate has been established within the framework of a simplified model which assumes a spherical bubble moving through the plasma. The dependence of this minimal expansion rate and Hamiltonian variation on the bubble Lorentz factor has been explored. To associate this model for self-injection with laser-plasma parameters, we have performed PIC simulations which show that growth of the bubble due to the defocusing of the laser driver is the dominant mechanism of self-injection for rarefied plasmas. Thus, bubble expansion is crucial for LWFA experiments with petawatt laser pulses, where rarefied plasmas with k p R γ 0 are required for laser self-guiding, and self-injection is relied upon to create the accelerated monoenergetic electron bunch.
Furthermore, we have demonstrated that stabilization of an expanding bubble generates a monoenergetic electron bunch by stopping the self-injection process and bringing about phase space rotation, which reduces the large momentum spread generated during the injection process. We have explored the generation of the monoenergetic electron bunch through phase space rotation with both a simplified spherical bubble model and PIC simulations.
